is the subgraph of a graph G induced by v and all vertices adjacent to v. A neighborhood set S is said to be a neighbor coloring set if it contains at least one vertex from each color class of a graph G, where color class of a colored graph is the set of vertices having one particular color. The neighbor chromatic number χ η (G) is the minimum cardinality of a neighbor coloring set of a graph G. In this article, some results on neighbor chromatic number of Cartesian products of two paths (grid graph) and cycles (torus graphs) are explored.
Introduction
All graphs considered here are finite, undirected and connected with no loops and multiple edges. As usual p = |V | and q = |E| denote the number of vertices and edges of a graph G, respectively. In general, we use X to denote the sub graph induced by the set of vertices X. N (v) and N [v] denote the open and closed neighborhoods of a vertex v, respectively. For graph-theoretical terminology and notation not defined here we follow [4] .
According to Hammack et al. [14] , the Cartesian products of graphs were defined in 1912 by Whitehead and Russel. They were repeatedly rediscovered later, notably by Sabidussi (1960) and independently by Vizing (1963) . Note that K 2 K 2 = C 4 , that is, the Cartesian products of two edges is a square. This is the motivation for the introduction of the notation for the Cartesian product (or Box product). The Cartesian product of two graphs G and H, denoted by G H, is a graph with a vertex set V (G H) = V (G) × V (H), that is, the set {(g, h) : g ∈ G, h ∈ H}. The edge set of G H consists of all pairs [(g 1 , h 1 ), (g 2 , h 2 )] of vertices with [g 1 , g 2 ] ∈ E(G) and h 1 = h 2 , or g 1 = g 2 and [h 1 , h 2 ] ∈ E(H). For more details, see [6] and [7] .
A coloring of a graph is an assignment of colors to its vertices so that no two adjacent vertices have the same color. A color class of a colored graph is the set of vertices having one particular color. The minimum number of colors that can be used to color the vertices is called a chromatic number and is denoted by
is the subgraph of a graph G induced by v and all vertices adjacent to v. The neighborhood number η(G) is the minimum cardinality of a neighborhood set of G. This concept was first introduced by Sampathkumar and Neeralagi [16] and studied in [1] and [12] . A neighborhood set S with minimum cardinality is called η -set of G.
Analogously, the concept of a neighbor chromatic number was introduced by Chaluvaraju et al. in [2] as follows:
Let G be a colored graph. A neighborhood set S of G is said to be a neighbor coloring set if it contains at least one vertex from each color class of G. The minimum cardinality taken over all neighbor coloring sets for all proper colorings of G is called neighbor chromatic number and is denoted by χ η (G). For more details on related concepts, we refer the reader to [9] , [11] , [13] and [17] .
The main goal of this paper is to obtain some results about the neighbor chromatic numbers of certain classes of Cartesian products of graphs.
Existing Results
In 1957 Sabidussi proved in [15] the following result about the chromatic number of the Cartesian product of two graphs. Since then this result has been rediscovered several times. Proposition 1 For any two graphs G and H,
The possible values of neighbor chromatic numbers of complete graphs, paths and cycles are obtained in [2] and are given in the following propositions.
Proposition 2 For any complete graph K p with p ≥ 2 vertices,
Proposition 3 For any path P p with p ≥ 2 vertices,
Proposition 4 For any cycle C p with p ≥ 3 vertices,
Observation 1 In a graph G with χ-coloring, not all neighborhood sets are neighbor coloring sets.
For example, consider a complete graph K p with p ≥ 2 vertices and V (K p ) = {v 1 , v 2 , . . . , v p }. The neighborhood set is v 1 , which is not a neighbor coloring set. The set of all vertices of V (K p ) is the neighbor coloring set. Similarly, many more graphs can be expected.
The Grid graph
The m n grid graph is a Cartesian products P m P n of a path of length m − 1 and a path of length n − 1. The first results on the domination number of grid was obtained by Jacobson and Kinch [8] and studied in [3] .
Observation 2 For any two paths P m and P n with m, n ≥ 2,
For example, consider a grid graph P 2 P 2 , we have χ(P 2 P 2 ) = 2 = η(P 2 P 2 ) and χ η (P 2 P 2 ) = 3.
Theorem 1 For any two paths P m and P n ,
if m and n are odd mn 2 + 1, otherwise. Proof. Let the vertices of a path P m be labeled u 1 , u 2 , . . . , u m and the vertices of a path P n be labeled v 1 , v 2 , . . . , v n . We know that, any grid graph is a bipartite graph, hence, χ(P m P n ) = 2. Then the following cases arise: Case 1. m and n are odd. Then the set
Case 2. m and n are even. Then the sets
Case 3. m is even and n is odd. Then the sets
Case 4. m is odd and n is even. This case is equivalent to Case 3.
The Torus graph
The torus graph C m C n is the Cartesian product of a cycle of length m and a cycle of length n with m, n ≥ 3 vertices. For more detail, we refer the reader to [10] .
Theorem 2 For any two cycles with m = 3 and n ≥ 3 vertices,
Proof. Let the vertices of the cycle C 3 be labeled u 1 , u 2 , u 3 and the vertices of the cycle C n labeled v 1 , v 2 , . . ., v n . Then the following cases arise. Case 1. n = 3.
In this case, the unique (upto isomorphism) coloring of graph C 3 C 3 with 3 colors is shown in Figure - In We begin with the graph C 3 C 4 colored as shown in Figure -2 , and at each step we add two consecutive columns, say column j and column j + 1, after column three and before column four, and we color the vertices of column j as the vertices of column two and we color the vertices of j + 1 as the vertices of column three, as shown in Figure - We continue this process of adding consecutive columns untill we have n columns. Since we have not used new color in the process,
Obviously, the C 3 C n contain the total number of vertices are multiples of 3. Thus, the coloring starts with minimum 3 colors, which implies the set
and (u 3 , v n ) with colors 2, 3 and 1 respectively. We begin with the graph C 3 C 5 colored as shown in Figure -4 , and at each step we add two consecutive columns, say column j and column j + 1, after column four and before column five and we color the vertices of column j as the vertices of column three and we color the vertices of column j + 1 as the vertices of column four, as shown in Figure - We continue this process of adding consecutive columns untill we have n columns. Since we have not used new colors in the process, χ(C 3 C n ) = 3. Since η(C 3 ) = χ(C 3 ) = 3. So that C 3 C n where n ≥ 5 (odd) vertices contain both odd cycles and the total number of vertices are multiples of 3. Thus the coloring starts with minimum 3 colors, which implies the set
is the η -set containing (u 1 , v n ), (u 2 , v n ) and (u 3 , v n ) with colors 3, 2 and 1, respectively. Hence,
Theorem 3 For any two cycles with m, n ≥ 4 vertices, Proof. Let the vertices of a cycle C m be labeled u 1 , u 2 , . . . , u m and the vertices of a cycle C n be labeled
is the vertex set of C m C n . Then the following cases arise: Case 1. m and n are even. First we prove χ(C m C n ) = 2. Since both m and n are even, the graph C m C n contains no odd cycle. Hence, C m C n is a bipartite graph containing at least one edge. Therefore, χ(C m C n ) = 2, with χ-coloring defined as follows:
Color the vertices of the first row and the vertices of every other row with colors 1, 2, 1, 2, · · · and color the vertices of all remaining rows with colors 2, 1, 2, 1, · · · . In this way, we get a 2-coloring of C m C n as shown in Figure - 
are the only two η -sets of C m C n but each of the sets A and B contains vertices of the same color. Therefore,
m is odd and n is even. Since m is odd, the graph C m C n contains an odd cycle, therefore χ(C m C n ) ≥ 3. Since n ≥ 4 (even), we extend C 3 C 3 to C 3 C 4 by adding one extra column of vertices after the second column and before the third column, with colors the same as the colors used for the corresponding vertices in the first column, as shown in Figure  8 . Hence we have the following color classes. From (i), (ii) and (iii), we have the η-set of C 3 C 4 as follows:
The set A containing at least one vertex from each color class as follows:
(i) V 1 containing the color class 1.
That is,
(ii) V 2 containing the color class 2. That is,
(iii) V 3 containing the color class 3. That is,
By virtue of the above fact that the set A is a η-set as well as χ η -set of C 3 C 4 . Now we extend C 3 C 4 to C 3 C n by retaining the 3-coloring of C 3 C 4 , at each step adding 2-columns of vertices, say column j and column j + 1, after the third column and before the fourth column and we color the vertices of column j as the vertices of column two and we color the vertices of column j + 1 as the vertices of column one, as shown in Figure -9 . We continue this process untill we have n- Figure 9 : Chromatic number of C 3 C n ; n is even columns in total. Since we have not used new colors in the process, the graph C 3 C n has a 3-coloring. Now we extend C 3 C n to C m C n by retaining the 3-coloring.
We begin with the graph C 3 C n colored as shown in Figure -9 , and at each step we add two consecutive rows of vertices, say row i and row i + 1, after the second row and before the third row and we color the vertices of row i as the vertices of the first row and we color the vertices of row i + 1 as the vertices of the second row, as shown in Figure 10 .
We continue this process untill we have m-rows in total. Since we have not used new colors in the process, the graph C m C n has a 3-coloring. Hence, χ(C m C n ) = 3. Since η(C 3 ) = χ(C 3 ) = 3; C m C n where m is odd and n is even number vertices contain the total number of vertices are multiples of 3. Thus the coloring starts with minimum 3 colors, which implies the set A =
is a η -set containing at least one vertex from each color class. By virtue of the fact that, the A is a η-set as well as χ η -set of C 3 C n and A is a minimum η-set. Hence,
Case 3. m is even and n is odd. This case is equivalent to Case 2. Case 4. m and n are odd.
Since both m and n are odd, the graph C m C n contains atleast one odd cycle, Figure 10 : Chromatic number of C m C n ; m is odd and n is even therefore χ(C m C n ) ≥ 3. Now we prove χ(C m C n ) = 3 by showing the existence of a 3-coloring for C m C n . Consider C 3 C 3 with 3-coloring, as shown in Figure -7 . Hence we have the following color classes.
The color classes (u 3 , v 1 ) for m = 3, i = 1 and (u 3 , v 2 ) for m = 3, i = 2.
The color classes (u 1 , v 3 ) for n = 3, i = 1 and (u 2 , v 3 ) for n = 3, i = 2.
From (i) -(iv), we have the η-set of C 3 C 3 as follows:
The set A containing at least one vertex from each color classes as follows:
By virtue of the above fact that the set A is a η-set as well as χ η -set of C 3 C 3 . Now we extend C 3 C 3 to C 3 C n by retaining the 3-coloring. We begin with the graph C 3 C 3 colored as shown in Figure 7 , and at each step we add two columns of vertices, say column j and column j + 1, after the second column and before the third column and we color the vertices of column j as the vertices of column one and we color the vertices of column j + 1 as the vertices of column two, as shown in Figure 11 . We continue this process untill we have n-columns in total. Since we have not used any colors in the process, the graph C 3 C n has 3-coloring. Now we extend C 3 C n to C m C n by retaining the 3-coloring. We begin with the graph C 3 C n colored as shown in Figure -11 , and each step we add two consecutive rows of vertices, say row i and row i + 1, after the second row and before the third row and we color the vertices of row i as the vertices of the first row and we color the vertices of row i + 1 as the vertices of row, as shown in Figure 12 . We continue this process untill we have m-rows in total. Since we have not used new colors in the process, the graph C m C n has 3-coloring. Hence χ(C m C n ) = 3.
Since η(C 3 ) = χ(C 3 ) = 3. So that C m C n where m and n are both odd vertices, which implies both odd cycles and the total number of vertices are multiples of 3. Thus the coloring starts with minimum 3 colors and the set is
is a η -set containing at least one vertex from each color class. By virtue of the above fact that the set A is a η-set as well as χ η -set of C 3 C n and A is a minimum η-set. Hence, 
